A numerical analysis has been conducted to show the effects of magnetohydrodynamic (MHD) and Joule heating on heat transfer phenomenon in a lid driven triangular cavity. The heat transfer fluid (HTF) has been considered as water based hybrid nanofluid composed of equal quantities of Cu and TiO 2 nanoparticles. The bottom wall of the cavity is undulated in sinusoidal pattern and cooled isothermally. The left vertical wall of the cavity is heated while the inclined side is insulated. The two dimensional governing partial differential equations of heat transfer and fluid flow with appropriate boundary conditions have been solved by using Galerkin's finite element method built in COMSOL Multyphysics. The effects of Hartmann number, Joule heating, number of undulation and Richardson number on the flow structure and heat transfer characteristics have been studied in details. The values of Prandtl number and solid volume fraction of hybrid nanoparticles have been considered as fixed. Also, the code validation has been shown. The numerical results have been presented in terms of streamlines, isotherms and average Nusselt number of the hybrid nanofluid for different values of governing parameters. The comparison of heat transfer rate by using hybrid nanofluid, Cu-water nanofluid, TiO 2 -water nanofluid and clear water has been also shown. Increasing wave number from 0 to 3 enhances the heat transfer rate by 16.89%. The enhanced rate of mean Nusselt number for hybrid nanofluid is found as 4.11% compared to base fluid.
Introduction
Taking the application of magneto hydrodynamic (MHD) a wide range of applied science, as an example in the field of agriculture, water-magnetic application in static magnetic field influence on growth of plant that plants cells affected by magnetic field can response in unpredictable way according to many factors including species, intensity of magnetic field and exposure period. Application of a magnetic field has been found to be effective in controlling the melt convection during crystal growth from melts under terrestrial conditions and has now been widely used in metal and semiconductor industries. MHD mixed convective flow through a diverging channel, over an inclined plate were studied by Alam et al. (2016) and Ali et al. (2016) .
Joule heating is a process in which electrical energy is converted to heat. Common applications of electric heating include space heating, cooking, water heating and industrial processes. Studies of Muhammad et al. (2018) , Hossain and Gorla (2013) , Nasrin and Alim (2009) were associated with a mixed convection flow of an electrically conducting fluid in the presence of an external magnetic field have received considerable interest due to the enormous applications in various branches of industry, science and technology such as fire engineering, combustion modeling, geophysics, the cooling of nuclear reactors, operation of MHD generators, plasma studies, etc.
Researchers Nasrin (2011) , Gangawane and Manikandan (2017) were interested in heat transfer by mixed convection inside lid driven cavities of different shapes as it has huge applications in environment and industry.
Al-Amiri (2007), Agrouaz et al. (2015) described that flow and heat transfer from irregular surfaces are often encountered in many engineering applications to enhance heat transfer such as micro-electronic devices, flatplate solar collectors and flat-plate condensers in refrigerators, flows in the earth's crust, underground cable systems, electric machinery, cooling system of micro-electronic devices, etc. In addition, roughened surfaces could be used in the cooling of electrical and nuclear components where the wall heat flux is known. Surfaces are intentionally roughened sometimes to enhance heat transfer.
One of the proficient passive approaches is using nanofluid in heat transport improvement for enhancing the efficiency of thermal systems like; heat exchangers, thermal storage, solar collectors, photovoltaic/thermal system, biomedical devices, nuclear reactors, engine/vehicle, cooling of electronic components, transformers etc. Several studies have been reported on an MHD convective lid-driven flow of considering different nanofluid under different physical situations. Record of such investigations can be found in the investigations of Jafari et al. (2012) , Arani et al. (2012) , , and Ali et al. (2017a Ali et al. ( -b, 2018 .
"Hybrid" nanofluid can be obtained by suspending more than one type of nanoparticles in base fluid. Very recently, hybrid nanofluid, is a gradually mounting study field parallelly to the incessant developments of common nanofluids. Compromised properties between the advantages and disadvantages of the properties of individual nanoparticles are a declared task of hybridization. Moreover, nanoparticles suppliers exhibit noticeable differences in prices of different nanoparticles types. For example, the price of copper nanoparticles is about 10 times greater than that of alumina nanoparticles. Indeed, the "hybrid" nanoparticles should be limited to those prepared as a single composite substance in a base fluid for which their synthetization requires extra attention [Han et al. (2007) , Jan et al. (2007) , Chamkha et al. (2017) ].
One can use the "hybrid" nanofluid issue to those prepared by mixing unlike nanoparticles with base fluid. The experiments of Ho et al. (2010) conducted an experiment about the mixture of particles of micro-encapsulated phase-change material and alumina nanoparticles in base fluid water. The authors found good agreement between the experimental data of the density and mass fraction and those predicted from the mixture theory. Botha et al. (2011) performed an experiment of hybrid nanofluid based on silver-silica-oil. The authors found more deviated value of the thermal conductivity with the Maxwell (1873) relation at higher solid volume fractions.
In order to remain side by side developments in the extent applications and increasingly developing studies about nanofluids, review papers have been conducted. Hybrid nanoparticles mixture procedure has been reviewed comprehensively by Sarkar et al. (2015) , Babu et al. (2017) , Kumar and Arasu (2017) and Sidik et al. (2016) . This review showed the arithmetical models of hybrid nanofluids properties. The authors Zahan et al. (2019) , Bumataria et al. (2019) , Ben-Cheikh et al. (2013) and Ismael et al. (2014) performed current research aspects in mono as well as hybrid nanofluids based on different physical models at different conditions to show heat transfer mechanism.
Above literature shows that many research have been done on these keywords like mixed convection, lid-driven sinusoidal cavity, hybrid nanofluid, MHD and Joule heating. But the research in combination of all these important factors has not been conducted yet. Mixed convection in a lid-driven triangular sinusoidal enclosure filled with such hybrid nanofluid in presence of MHD and Joule heating depending on the existing mathematical formulae needs additional attention to disclose its performance in this significant field. Specific applications of the present numerical research are micro-electronic devices, flat-plate solar collectors, flat-plate condensers in refrigerators, flows in the earth's crust, underground cable systems, electric machinery and cooling system of micro-electronic devices etc. The objective of this research paper is to show the combined effects of MHD and Joule heating on hybrid nanofluid mixed convective flow inside lid-driven sinusoidal triangular enclosure.
Problem Formulation
The schematic diagram of the studied configuration has been depicted in Figure 1 . It consist of a two dimensional vertical lid-driven triangular enclosure of side length H. The left surface has been assigned to temperature T h while the sinusoidal wavy bottom surface of the enclosure has been cooled at a constant temperature T c . Under all circumstances T h > T c condition has been maintained. The inclined surface of the triangular cavity has been thermally insulated. Furthermore, the left wall has been assumed to slide in its own plane at a constant speed v 0 . A uniform external magnetic field has been applied in the horizontal direction normal to the vertical wall. The heat transfer medium has been taken as electrically conducting water based hybrid nanofluid consisting equal solid volume fraction of TiO 2 and Cu nanoparticles. It has been also assumed that both the fluid and nanoparticles are in thermal equilibrium and there is no slip between them. The hybrid nanofluid used in the analysis has been considered as laminar and incompressible. The gravitational acceleration acts to the vertical downward surface. Thermo-physical properties of base fluid and different nanoparticles have been shown in Table 1 and taken from Rashad et al. (2018) and , assumed constant except for the density variation, which is maintained on Boussinesq approximation. [Rashad et al. (2018) and 
Mathematical Modeling
The 2D numerical simulation has been performed in steady state conditions. The governing partial differential equations (dimensional form) in terms of laminar flow and thermal energy equations using hybrid nanofluid have been given below: 
The above equations have been non-dimensionalized using the following dimensionless quantities:
The shape of the bottom wavy surface profile has been assumed to mimic the following pattern
where A is the dimensionless amplitude of the wavy surface and λ is the number of undulation. Using equation (5) the governing partial differential equations (1-4) have been transformed into nondimensional form according to Rashad et al. (2018) and :
where, 
where n be the distances either along x or y directions acting normal to the inclined surface respectively. The following models of effective properties of hybrid nanofluids have been chosen as:
specific heat at constant pressure, 
and electrical conductivity of Maxwell-Garnett model (1873)
where  is the overall volume concentration of two different types of nanoparticles dispersed in hybrid nanofluid and is calculated as
The mean Nusselt number at the left heated wall of the cavity is
where H is the length of the heated surface.
Computational Procedure
Using the Galerkin weighted residual finite element technique of Dechaumphai (1999) , Taylor and Hood (1973) the momentum and energy balance equations have been solved using COMSOL Multyphysics. In this method, the solution domain has been discretized into finite element meshes, which have been composed of non-uniform triangular elements. Then the nonlinear governing partial differential equations have been transferred into a system of integral equations by applying Galerkin weighted residual method. The basic unknowns for the governing partial differential equations (7-10) are the velocity components U, V, the temperature θ and the pressure P. The six nodes with triangular element have been used in this numerical research. All six nodes have been associated with velocities as well as temperature while three corner nodes with pressure. The nonlinear algebraic equations so obtained have been modified by imposition of boundary conditions. These modified nonlinear equations have been transferred into linear algebraic equations by using Newton's method. Finally, these linear equations have been solved by using triangular factorization method.
The convergence criterion for the solution procedure has been defined as 1 6 10 n n    , where n is the number of iteration and ψ is a function of U, V and θ.
Code validation
In order to authenticate the exactness of present numerical technique, the obtained results in special cases have been compared with the results obtained by Rashad et al. (2018) . These comparisons have been presented obviously in Figure 2 in terms of the streamlines and Isotherms. The code validation has been conducted while employing the dimensionless parameters as Ha = 10, 0.05   , D= 0.5, Ra = 10 4 , Q = 1, B = 0.4. A very good agreement has been found between the present results and the results of Rashad et al. (2018) . These flattering comparisons provide confidence in the numerical results to be reported subsequently.
Mesh generation
Meshing the complex geometry create the finite element method a potential technique to solve boundary value problems occurring in a range of engineering applications. It is basically a discrete representation of the geometric domain on which the problem is to be calculated. Figure 3 shows the mesh configuration of present physical domain with triangular finite elements.
Grid sensitivity test
In order to determine the proper grid size for this study, a grid independence test is conducted with five types of mesh for Re = 100, Pr = 6.2, Ri=1.0, Ha = 10, J = 1 and λ = 3 which is shown in Figure 4 . Figure 4 , one can observe that no further improvement in accuracy occur using higher number of elements.
Results and Discussion
The characteristics of the flow and temperature fields in the lid-driven cavity have been examined by exploring the effects of the Richardson number (Ri), Hartmann number (Ha) and Joule heating parameter (J) as a function of number of undulations (λ). Such variables have been examined through the steady state version of the streamline and temperature distributions as well as the average Nusselt number (Nu). In the current numerical investigation, the following parametric domains of the dimensionless groups have been considered: 0.5 10 Ri , 0 50 Ha  , 02 J  and 3 0    . The Prandtl number Pr = 6.2 has been measured throughout the simulation with 5% solid volume fraction of the nanoparticles. 
Effect of Richardson number
In heat transfer problems, Richardson number represents the importance of the effect of forced to natural convection phenomena. Due to the influence of buoyancy force if the Richardson number is much less than unity, convection is unimportant in the flow. If it is much greater than unity, buoyancy is dominant the flow behavior. Figure 5(a) provides the information about the sensitivity of the streamlines pattern due to the variation of Richardson number (Ri) and number of undulations (λ = 0, 1, 2, 3) for Ha = 10, J = 1, Pr = 6.2 with the volume fraction of the suspended naoparticles = 5%. As mentioned before the magnitude of ϕ composes of equal quantities of Cu and TiO 2 nanoparticles. From the streamlines contours it is found that for purely forced convection (Ri = 0.5) there exist a clockwise upward circulating cell which turns to the cold inclined wall and falls down to form a weak primary egg shape eddy near the heated partition created by the movement of the liddriven wall. This is due to the dominance of forced convection in the flow regime. In this case, the streamlines are almost identical for all values of λ. At combined convection regime (Ri =1.0) it can be seen that shape of the vortex spread in size and the corresponding flow domain convert solely to free convection regime. On the other hand increasing Ri up to 10 causes the nonofluid to circulate strongly and occupies all most area of the cavity space in wavy form owing to the presence of sinusoidal surface. This is logical because escalating the parameter Ri assists buoyancy flow, hence the natural convection mode because buoyancy often plays a significant role in defining the mixed convection flow. But raising the value of λ the magnitude of the flow vortex becomes weaken for all value of Ri. Because on mounting the value of λ the fluid moves smoothly up and down, then there produces friction between the wall and the fluid which creates heat and slow down the fluid velocity due to roughness of the bottom surface. In this case, the strength of the natural convection dominates the flow regime. It is also notice that with the increasing values of λ, cavity core fills with more streamlines and minor vortices form near the left side as the increased number of waves retards the fluid motion in the bottom portion of the cavity.
The influence of Ri on temperature field has been plotted in the Figure 5(b) . From this figure, it is noticed that for Ri = 0.5, the isothermal line bifurcate with the plume-like behavior. In this situation, it is also found that the isotherms depart from the middle section of the enclosure and try to get crowded on the bottom wavy surface due to the influence of forced convection. Subsequently, the thermal current activity is influenced firmly by the conductivity properties of hybrid nanofluid. There is no major distinction in the isothermal lines for Ri = 0.5 in compare to Ri = 1 except the isothermal contours are clustered near the heated vertical wall of the cavity. For a fixed value of λ, the thermal field has a little change with the variation in Ri. Isothermal lines become slightly denser near the bottom corner of the heated surface at higher values of Ri. Isothermal lines get the wavy pattern due to the waviness of the surface. Escalating the convective parameter Ri = 10 steeper temperature gradient near the heated wall is evident and the isothermal lines get the parabolic shape near the inclined cold wall. In the considered regime, the buoyancy effect balances the flow patterns and a thin boundary layer is developed close to the bottom wavy surface. It is also captured that the mostly horizontal isothermal lines, occupy in the lower section of the cavity. Furthermore, the thermal boundary layer near the underside surface becomes slightly less parallel and concentrates when the number of wave increases.
Effect of Hartmann number
The influence of Hartmann number and wave number on the flow pattern has been depicted in the Figure 6(a) for Pr = 6.2, J = 1, Ri = 1 and = 0.05. In the absence of magnetic field (Ha = 0), the fluid flow is described by a tiny revolving cell with vortex at the centre generated by the movement of the upper lid. The vortex of the cell becomes weaker with mounting the magnetic field strength from 0 to 50. Magnetic field creates Lorentzs force which opposes the buoyancy forces. Due to this effect fluid motion is slowed down in the bulk of the cavity. For this reason, the vortex related with Ha = 0 circulates generously within most of the cavity, while with the boost in the value of Ha, the magnetic force quantifies and shrinks the vortex of the fluid flow. It means that the magnetic field strongly affects the fluid flow. For Ha = 50 and escalating λ from 1 to 3 the size of the petite vortex raises adjacent to the hot wall. With the increasing values of λ, cavity core fills with more streamlines. However, from the streamline contour it is found that for a particular Hartmann number, deviation in λ causes little change in streamlines. The flow outline remains nearly similar except the central domain changes its shape from circular to oval for all higher values of Ha. I. Zahan, R. Nasrin and M.A. Alim/ Journal of Naval Architecture and Marine Engineering, 16(2019) Higher magnetic field increases internal friction of the fluid which creates some heat in the fluid. It is observed for Ha = 0, most of the isothermal lines occupy all the cavity space with an initiation of the plume-like behavior. But at higher Hartmann number up to 50 these lines move from the heated moving wall analogously to the bottom wavy surface towards the middle section of the cavity. These phenomena are seen for all values of wave numbers. On the other hand, for any particular Ha, high temperature gradient is seen at λ = 3 than other values of λ. Consequently, the Isothermal lines become slightly denser near the wavy surface at low Hartmann number and higher values of λ. These lines are less bended for higher magnetic field effect.
Effect of Joule heating
The flow field in terms of streamlines for three representative values of the Joule heating parameter (0, 1 and 2) and wave number (0, 1, 2 and 3) has been displayed in the Figure 7(a) for Pr = 6.2, Ha = 10, Ri = 1 and = 0.05. Electrically conducting fluid releases some heat known as Joule heating which acts like a volumetric heat source and increases the internal energy of the fluid and thus stronger flow circulation creates. It is pragmatic from the figure that for J = 0, there exists a clockwise flow pattern inside the cavity. The pattern of streamlines has no significant change due to rising Joule heating effect but the core of the vortex becomes slightly smaller. This phenomenon is seen for all λ. For J = 1 and 2, the pattern of the streamlines are approximately identical. It is also observed that due to creation of internal temperature, the fluid particle moves with greater velocity and the fluid flow covers the entire cavity in a circular pattern for all values of Joule heating parameter. The isothermal lines for different values of Joule heating parameter and λ have been expressed in the Figure  7(b) . The Joule heating increases fluid temperature and reduces temperature differences. It is seen that as the value of J rises the isothermal lines try to get crowded around the wavy surface of the enclosure and a thin boundary layer is developed near the left moving wall of the enclosure. But these lines distort in parabolic shape from the heated segment and start to gather at the bottom cold part of the cavity for all values of Joule heating number.
Effect of average Nusselt number
The variation of average Nusselt number (Nu) of Cu-TiO 2 -water hybrid nanofluid has been displayed in the Figure 8 (a) along the hot wall against the wave number for different values of Richardson number at Ha = 10, J = 1, Pr = 6.2 and Φ = 5%. From the Figure 8(a) , it is evident that with the increase of the value of Ri heat transfer rate increases. The rising of heat transfer is more effective on mounting the value of wave number. Because with the augmentation of Ri buoyancy effect enhances, so large amount of heat is transferred from the heated wall to the enclosure. In addition, due to corrugated surface Nu also increase. It is also found that increasing rate of heat transfer is much higher due to the mixing of nanoparticles in the base fluid which is known as hybrid nanofluid. Because the addition of solid nanoparticles to various fluids can increase the thermal conductivity and volume concentration of nanoparticles which interns improving the total heat transfer performance.
The effect of Hartmann number on heat transfer mechanism of hybrid nanofluid has been shown in the Figure  8(b) as a function of wave number at Ri =1.0, J =1.0, Pr = 6.2 and Φ = 5%. It is found that the average Nusselt number decreases with increasing the Hartmann number. The average Nusselt number always becomes higher in absence of magnetic field (Ha = 0). As magnetic field acts in opposition to the velocity it is evident from this figure that the strength of the circulation reduces with higher Ha and tends to retard the fluid motion in the bulk of the cavity. Due to rising and falling pattern of the wavy surface it is also observed that the average Nusselt number increases with increase of wave numbers.
In order to evaluate how the presence of Joule heating in the cavity affects the heat transfer rate of hybrid nanofluid along the hot wall the average Nusselt number (Nu) of the fluid has been plotted as a function of number of wave for the value of Ri =1.0, Pr = 6.2, Ha = 10.0 and Φ = 5% in the Figure 8(c) . It is observed that Nu reduces gradually while J enhances slightly over the whole region for all values of λ but it increases with the escalating values of undulation number (λ). It is also noticed that Nu is always higher for the absence of Joule heating effect. It can be explained by the similar approach. However, the distribution of mean Nusselt number (Nu) for hybrid nanofluid, Cu-water, TiO 2 -water and base fluid water has been presented in the Figure 8(d) at Ri = 1.0, Ha = 10.0, J = 1.0, Pr = 6.2 with Φ = 5% solid volume fraction of nanoparticles. It has been reported that the enhancement of thermal conductivity dominates over viscous and inertia force in the fluid regime. Consequently it is also found that the increasing rate of heat transfer is much higher for hybrid nanofluid compared to the base fluid. The thermal conductivity of nanoparticles may be altered or changed by preparing hybrid nanofluid. Sometimes hybrid nanofluids become more effective heat transfer fluids than other single nanofluid or base fluid. The metallic nanoparticle like, Cu includes huge thermal conductivity but due to their stability and reactivity the use of metallic nanoparticles for nanofluid applications is limited. It can be predictable that the addition of metal nanoparticles (such as Cu) into a nanofluid composed based on TiO 2 nanoparticles, can enhance the thermo physical properties of nanofluid. But from this numerical research, it is found that the mixing properties of copper and TiO 2 nanoparticles give a little bit smaller amount of convective heat transfer compare to Cu-water nanofluid. Additionally, the rate of heat transfer for two different nanoparticles (hybrid) becomes higher than the TiO 2 -water nanofluid. In view of that, this result stimulates the researchers to examine other combination of different type nanoparticles, other models of thermos-physical properties of nanofluids and different volume fraction ratios of nanoparticles.
Conclusion
Hybrid Cu-Ti0 2 -water nanofluid flow in mixed convective lid-driven sinusoidal triangular enclosure in presence of MHD and Joule heating effect has been investigated numerically. Under these observations on varying several pertinent parameters, the following conclusions can be drawn:  Undulated surface has a remarkable effect on the flow and temperature regimes. Rising values of wave number (λ = 3) enhances the heat transfer rate by 16.89% compared to flat surface (λ = 0). So, the corrugated lid driven cavity can be considered as an effective heat transfer system.  For higher values the convective parameter Ri becomes dominating in the flow regime due to the influence of buoyancy force. For λ = 3, approximately 11% heat transfer rate increases from the forced convection to free convection mode. It is also notable that the increment rate of heat transfer is optimum for the highest value of wave number.  The cooling mechanism becomes significant in the situation when the magnetic field strength is very small. At λ = 3, the decreasing rate of heat transfer is obtained about 12% for escalating values of Hartmann number from 0 to 50, whereas for flat surface this rate becomes 2.23%.  The Joule heating parameter has tiny effect on streamlines and isothermal lines in the cavity. On elevating J (from 0 to 2), the Nusselt number decreases by 1.06% for the highest undulation while a heat transfer reduction of 0.5% is observed for flat surface cavity.  The enhanced rate of mean Nusselt number for hybrid nanofluid, Cu-water and Ti0 2 -water nanofluid are found as 4.11%, 5%, and 2.2% respectively compared to base fluid. It is also perceived that the rate of heat transfer is much higher for hybrid nanofluid compared to some single nanofluid and base fluid.
It is concluded from the present numerical research that proper mixing of nanopartices may build the hybrid nanofluids very potential medium of heat transfer enhancement. Consequently, lot of research is still required in the field of stability, preparation, applications and characterization to overcome the challenges. It can also say that the prices of different nanoprticles are different. Analogously to the recent developments of the mono nanofluids, mixing properties of the advantages and disadvantages of nanoparticles are an announced job of hybridization. Furthermore, the suppliers of nanoparticles exhibit noticeable differences in costs of different nanoparticles categories. It can also say that the prices of different nanoprticles are different. For example the price of Cu nanoparticles is 10 times greater than Al nanoparticles. So it is better if one can achieve the required nanofluid properties on using expensive nanoparticle with minimum quantity, it will reduce the total cost of the research. This research is an effort to contribute the basics of thermal field of investigation. The obtained numerical results will inspire the researchers to examine other arrangement of dissimilar nanoparticles, extra models for the thermo-physical properties and other solid volume fraction ratios.
